We seek to develop a Bures (minimal monotone/statistical distinguishability) metric-based series of formulas for the moments of probability distributions over the determinants |ρ| and |ρ P T | of 4×4 density matrices, ρ, for generalized (rebit, quater[nionic]bit,. . . ) two-qubit systems, analogous to a series that has been obtained for the Hilbert-Schmidt (HS) metric. In particular, we desire-using moment-inversion procedures-to be able to closely test the previously-developed conjecture (J.
I. INTRODUCTION
We seek to expand upon an extended line of work that has been reported in [1] [2] [3] [4] . Our immediate motivation is to find, if possible, Bures-metric-based counterparts to results (still not all rigorously demonstrated) that have been developed in terms of the Hilbert-Schmidt metric [5] [6] [7] . These assertions concern Hilbert-Schmidt probability distributions over the determinants |ρ| and |ρ P T | (and their joint products) of 4 × 4 density matrices ρ for generalized (rebit, quater(nionic)bit,. . . ) two-qubit states, where P T denotes the partial transpose. The approach that has been adopted involves, first, finding-with the aid of symbolic computations-the moments of these probability distributions, and second, using Legendrepolynomial-based moment-inversion procedures [8] to generate the associated probabilities that a state is separable (that is, |ρ P T | > 0) [9, 10] , as well as the probability densities at the entanglement-separability boundary (the locus of |ρ P T | = 0) [4] . Explicit formulas have not so far been developed for the underlying Hilbert-Schmidt probability distributions themselves-as opposed to these two interesting specific features.
To begin, we note corrigenda for our previous report [2] to the following two companion formulas there (eqs. (8) and (25) 
where the brackets indicate expected values (averages) over the corresponding 15-dimensional and 9-dimensional convex sets of states, respectively. This pair of formulas had been constructed with the aid of the FindSequenceFunction command of Mathematica, with the first number of each of the two sequences being inputted, corresponding to the case k = 0 [2, eq. (2)]. However, the command (naturally enough) took these numbers to correspond to the case k = 1. The first formula must be modified-as we have subsequently observed-by replacing k in it by k + 1. Such a transformation yields .
The second formula must be modified by this same transformation, followed by multiplication Γ(α + 2k + 1)
, with the Dyson-index-like parameter α set to = 1 2 for the two-rebit scenario. Taking these steps yields
(Further, let us indicate that the numerator factor of 32 2−8k in equation (26) in [2] should have been more clearly written as 3 · 2 2−8k . Still further, we note that the final term (α + k + 2) n−j in the second equation on p. 30 in [1] should be (2α + k + 1) n−j .)
Now, for k = 0, we obtain, quite interestingly, the averages (first moments)
(that is, the common ratio of the zerothdegree, as well as the fifth-degree coefficients in (3)) and ρ 
(6)
is the Hilbert-Schmidt counterpart of the Bures formula (4) 
(10)
, −2k − 2n − 5 ; 1 .
(We note that this hypergeometric term is not fully "balanced" [in the first, predominant "Saalschutzian" sense of this term [11, p. 6610] ], as its counterpart (6) (two-rebit), respectively-
and
So, we see that the target formulas (3) and (5) in the two numerators. Also, for α = 0 the classical formula (9) is fully reproduced by this trial hypergeometric-based expression (10).
Of course, our natural objective is to be able to successfully reproduce these pairs of lowest-degree numerator terms in (3) and (5), as well (cf. sec. III). (We speculate that, for general n-only the case n = 1 is discussed above, being the single value of n for which exact computations have been fully performable [2] for α = 1 2
and 1-the presumed hypergeometricbased formula, in the Bures case, will yield "biproper" rational functions [14] being composed of degree-(4n + 1) numerator and denominator polynomials. In the Hilbert-Schmidt generalized two-qubit case [1] , the corresponding numerator and denominator polynomials of the rational functions are both of degree-3n, while they-based on the n = 1 and n = 2 results reported in [1, sec. 6]-appear to be of degree-(4n + 1) in the 6 × 6 qubit-qutrit density matrix setting.).
Let us insert our newly-developed ("partially successful") hypergeometric-based formula (10) (converted to "balanced" [in a second, less common non-Saalschutzian sense of the term] form [1, sec. 3] , meaning that we set n = k) into the moment-inversion procedure [8] we have previously extensively used [1] [2] [3] [4] . (We note that the range of the associated variable ≈ 0.242424, respectively [3] . It certainly appears, since the Bures measure is more concentrated on states of higher purity [1, sec. 14.6] , that the Bures versions of these rational probabilities should, in fact, be smaller.)
In fact, in [15, eq. (16) , Table VI] , it had been hypothesized-based upon extensive numerical analyses-that the Bures two-qubit separability probability is
It, then, remained to see if we could develop a more successful formula than (10) for
that yielded the two lowest-degree numerator terms in (3) and (5) (where p is yet undetermined-while p = 5 had been found in the Hilbert-Schmidt case [1] ), parallel to (6) , that will fully reproduce the Bures two-qubit and two-rebit formulas (3) and (5). An equivalent-but perhaps more computationally direct-approach is to attempt to reproduce these two formulas after the (non-hypergeometric) prefactor
in (10) has been factored out. Then, the formulas that we aim to reproduce (3) and (5) become (in the two-qubit, α = 1 case),
and (in the two-rebit, α = with the two highest-degree numerator and denominator coefficients now matching in both cases. C. Dunkl observed that the two immediately preceding expressions (14) and (15) could jointly be expressed in terms of the single expression
− 2α(2α + 1)(4α + 4k + 5)(8α + 4k + 3) (k + 1)(2k + 1)(α + 2k + 2)(3α + 2k) + 1.
Dunkl did subsequently point out that this formula was deficient in its properties α → ∞, in the sense that the number of occurrences of α's in its (collected) numerator and denominator do not cancel-as they successfully do in (6)-the number of occurrences of α's in the prefactor (13) 
with the same form of interesting decomposition
holding, and
with the basic objective being to compute F to denote the two-qubit and two-rebit cases, respectively, we were able to find, using (3) and (5) (1,
.
As in the Hilbert-Schmidt case, these rational functions are of degree -2, that is, the degree of the denominator is two more than the degree of the numerator. In the Bures instance, the degrees of both numerators are three, and the denominator degrees, five. However, in the simpler HS case, the numerators were of degree zero, and the denominators, degree two.
It, thus, appeared that more explicit Bures moment computations (n > 1) were needed than available from [2] to effectively pursue this utility function route further.
Using the formula for J(α) given by (16), we have (similarly encompassing (19) and (20) into a single formula)
(1, k, α) = J(α) − (2k + 1)(α + 2k + 1)(α + 2k + 2)(2α + 2k + 1) 256(2α + k + 1)(3α + k + 1)(6α + 4k + 3)(6α + 4k + 5)
This formula for F Bures 2
(1, k, α) needs to be extended to one for F Bures 2
(n, k, α), so that the summation in (18) would be fully properly expressed and conducted.
We, interestingly, note (results of the WolframAlpha website) that the numerator of the two-qubit result (19) can be expressed as
while the numerator of the two-rebit result (20) can be represented as
or
The expression den(α) = 128α(2α + k + 1)(3α + k + 1)(3α + k + 2)(6α + 4k + 3)(6α + 4k + 5)
yields, for α = 1 2 , the denominator of F Bures 2
(1, k, 1 2 ), given by (20) , and for α = 1, the denominator of F Bures 2
(1, k, 1), given by (19) . Similarly, we have the following expression yielding the numerators of these two F Bures 2
(1, k, α) functions, num(α) = 1 27 −7466α − 32(5α − 2)(6α + 3k + 4) 3 + 6(569α − 260)(6α + 3k + 4) + 3521 .
(It, thus, appears that num(α), unfortunately for further analytical purposes (sec. III), lacks as simple a form of factorization as den(α).) We will employ these last two functions, num(α) and den(α), in an interesting exercise in sec. III.
E. Hybrid Hilbert-Schmidt/Bures 10 F 9 function
We have also determined, in the context of the generalized Hilbert-Schmidt two-qubit
Further, we are immediately able to construct from (7) the utility function
(1) k+n (a + 1) k+n (2a + 1) k+n
and from (4)
. ( (j, k + n − j) by its known Hilbert-Schmidt counterpart (27), while retaining R Bures (n, k, α), given by (29). Then, a rather lengthy computation produced our first main ("hybrid") result reported here.
This result was identically equal to the product of the Bures prefactor in (10) times a certain 10 F 9 hypergeometric function (with argument 1) that is, remarkably, exactly balanced/Saalschutzian-that is, the sum of the ten numerator terms plus 1 equals the sum of the nine denominator terms. The result also possesses the desired property (for asymptotic [α → ∞] analytic reasons, as indicated by C. Dunkl) of having the parameter α contained in one more (that is, seven) of the ten numerator terms than it is contained in (that is, six) of the nine denominator terms. (This successfully compensates-paralleling the structure of the earlier Hilbert-Schmidt result (6) [1, p. 30]-for the prefactor in (10) which, oppositely, has one more occurrence of α-that is, four-in the denominator than numerator, which has three.)
The ten numerator terms of this 10 F 9 function were
while the nine denominator terms were
As the counterparts of the degree-5 two-qubit (3) and the two-rebit (5) 
1. Separability probability estimates based on hybrid function
We applied (as we have done in [1, 3] ), the Legendre-polynomial-based moment-inversion procedure of Provost [8] , with 6,000 "hybrid moments" (cf. [16] ) yielded by the 10 F 9 result above. We used as a proxy for k = 0, the value k = 10 with our previous "silver mean" conjecture of [15] . (Earlier still, in [17] , a conjecture of 8 11π 2 ≈ 0.0736881 had been advanced.) Since the evidence is highly compelling that the Hilbert-Schmidt two-qubit separability probability is Alternatively, if we apply the Legendre-polynomial-based moment-inversion procedure of Provost [8] using the 10 F 9 result, now not (nearly) nullifying k, but setting k = n, we obtain (notably more slowly converging) separability probability estimates that, concomitantly, much more rapidly decrease with the number of moments employed. Thus, for the first 3,000 such "moments", the α = and 0.1482428189, respectively, while for 6,000 "moments" these estimates decrease rather substantially to 0.3172391218, 0.1765322036 and 0.112681718. Thus, both sets of estimates (those based on k = 0 and those based on k = n) appear to provide upper, not lower bounds on the "hybrid-separability-probabilities".
F. Hilbert-Schmidt measure on qubit-qutrit states
Of course, we should also entertain the possibility that the random-matrix-theory applicability of Dyson indices, as employed, apparently successfully, in our analogous studies based on the Hilbert-Schmidt metric [1] , does not strictly carry over to parallel studies based on the Bures metric (cf. [18, 19] ). If that is the case, perhaps the more promising venue for progress in this general area of generating moments and associated probability distributions would be the Hilbert-Schmidt qubit-qutrit case. There, in addition to these explicit results for the two cases n = 1, α = 
such as we do have available ( (3), (5) (34) and (35) by the apparently appropriate (non-hypergeometric) prefactor
which is based on the qubit-qutrit formula (cf. (7))
then (34) is transformed to the interestingly, considerably simpler lower-degree form
and (35), similarly, to
(In the n = 2, α = 1 2
case, we obtain the ratio of degree-8 polynomials.)
In the utility function framework, we find for the rebit-retrit case (α = 1 2 ), that
= − 5(k + 2)(k + 3)(2k + 7) 96(k + 4)(3k + 11)(3k + 13)(6k + 23)(6k + 25)
, while for the qubit-qutrit (α = 1) case, ) and F HS 2/6×6 (1, k, 1) above are both ratios of degree-three to degree-five polynomials, while we further found that F HS 2/6×6 (2, k, 1 2 ) is the ratio of a degree-ten polynomial to a degree-ten polynomial. Now, we again performed the utility function type of summation indicated in (18) , again employing the two-qubit Hilbert-Schmidt function F HS 2 (n, k, α) given by (27), but now using for the R function, not its two-qubit Bures form (29), as previously in sec. II E, but its Hilbert-Schmidt qubit-qutrit analogue, based upon (37). Again, the summation yielded a 10 F 9 hypergeometric function with the anticipated prefactor (13) . Still again, as desired, the number (eight) of α's among the ten numerator terms was one greater than the number (seven) among the nine denominator terms. But now the argument of the 10 F 9 function was not 1, but
2 2 , so it is not convergent. Additionally, the function was not exactly balanced, for the sum of the nine denominator terms {−4α − k − n, −3α − k − n − 3 4 , −3α −
} minus the sum of the ten numerator terms {α, α +
, −n} was not 1, but 2 + 9α. (n, k, α) we took the ratio (using Pochhammer symbol notation) of the expression (num(α)) n , given by (26), replacing k in it by k + n − 1, to the expression 128 n = 2 7n times the product of six terms. (We note that k = k + n − 1 for n = 1.) These six terms were of the form (factor) n , where the six factors-α, . . . , (6α + 4k + 5) are those of den(α), given by (25). (Thus, for n = 1, the candidate for F The twelve denominator terms of this 8 F 12 function were for the succeeding cases k = 1, 2, 3, 4.)
With our results (51) for the case k = 0, we were able to determine that .
Further computations appear to indicate that for k = 1, -given by (7)-then they more directly correspond with the structure of the n = 1 moment formulas (3) and (5)).
C. Completed computation
We were ultimately able to obtain for this n = 2, α = ), as the ratio of degree-10 polynomials. Together with our earlier n = 1 results ( (19) and (20))-both ratios of degree-3 polynomials to degree-5 polynomials-for F Bures 2
(1, k, 1) and F Bures 2
(1, k, (n, k, α), based on these three results, with a form strictly parallel to that (27) (that is, the ratios of products of Pochhammer symbols) adhered to by F HS 2 (n, k, α).
V. CONCLUDING REMARKS
In the generalized two-qubit Hilbert-Schmidt analysis [1] , the non-hypergeometric factor employed (6) is an obvious deduction of the moment formula (7) . In this study, we have assumed such a pattern to also hold in the Bures two-qubit case and Hilbert-Schmidt qubitqutrit case. This assumption needs to be more critically examined-but seems difficult to do so in the absence of more extensive moment exact, symbolic calculations than are presently available. It further behooves us to ascertain whether the hybrid Hilbert-Schmidt/Bures 10 F 9 result (sec. II E) fulfills the (Hausdorff/Hankel-matrix) requirements for the moments of an actual probability distribution (over |ρ P T | ∈ [− ]) [20] . (We note that, typically, such requirements are formulated for probability distributions defined over the unit interval, while, in the case at hand, |ρ P T | ∈ [− ], so certain transformations would be required.)
The 10 F 9 result leads us to speculate that possibly a ("pure"-nonhybrid) Bures two-qubit function may also be of such a 10 F 9 form.
Mathematica analyses have convinced us that if either the generalized two-qubit Bures or qubit-qutrit Hilbert-Schmidt moments-adhering to the two-qubit Hilbert-Schmidt hypergeometric paradigm (6) established in [1] -takes the form of the product of the associated prefactor (see (10) , (36)) times a p F p−1 hypergeometric function containing −n and −k among its numerator terms, then it would be necessary that p > 9. We continue to explore such a possibility.
